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Bose-Einstein condensates

In Bose system at low temperatures,
macroscopic numbers of particle occupy
the single-particle  quantum  state,
forming the macroscopic wave function.

Atoms form the coherent state (origin of
superfluidity)

e

macroscopic wave function : (¥ (z)¥(y)) g U(x)¥*(y)

Macroscopic wave function W(x) is the order parameter of BEC

Physics of topological excitation in Bose-Einstein condensates



Atomic Bose-Einstein condensates

Dilute alkali atomic Bose-Einstein condensates
has been realized in 1997

Laser cooling of atoms

Trap of atoms

87RDb, 2Na, LI, H, ®Rb,
41K *He, 133Cs, 174YD,
52Cr, 49Ca, 84Sy
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Evaporating cooling of
atoms




Atomic Bose-Einstein condensates

BEC of 8Rb
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BEC and breaking of gauge symmetry

BEC : appearance of macroscopic wave function
(order parameter)

|z —y| =00

(U)W (y) ~ — ()T (y)

U(x) = |P(x)| expli ¢(x)] : Phase of the complex wave
function o(x) is fixed (U(1) gauge symmetry breaking)

Mean-field Hamiltonian at the zero temperature

H= [ o [ Jovv @ vee + e
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Topological excitations (quantized vortices)

V() = |¥(x)|explip(z)]
p(x) = |¥(x)|? : Fluid density
A

v(x) = EV@(w) . Fluid velocity

Topological excitations (defects) of the
wave function (p(x) = 0) around
which phase ¢(x) changes by integer
multiple of 27 : quantized vortices
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Topology of quantized vortices

Topological invariant of vortex Is described by fundamental group

\ortex line phase of I

( U(1)

Topological invariants are characterized by how many
times W wind the U(1) phase: 7,|U(1)] = o
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Experimental observation of vortices

Vortex lattice formation in atomic BEC

K. W. Madison et al. PRL 86, 4443 (2001)

Vortex lattice in 8Rb BEC
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Experimental observation of vortices

Vortex lattice formation in atomic BEC

-7 25 7[8

Simulation of vortex lattice formation
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Spinor BEC

BEC with spin degrees of freedom

Hyperfine coupling of electron end nuclear spin
(F=1+L+Y5)

;S — ]_/2 8Rb, 22Na,

_ Lk | P12
I R F=2, 3

133Cs F=3, 4

2Cr S=3, I=0
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\

Spinor BEC

BEC with spin degrees of freedom

“Rb (1 = 3/2)

mp = 2
mp =1
mp =0
mp = —1
mp = —2

F =14

y

Spin 1 : 3-component BEC
W= (wlv @bov ¢_1)

mrp =

mgrp =

Multicomponent BEC
labeled by magnetic
sublevelm,.

. mrp = —1
Field gradient / \
v v N
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Spinor BEC

Stern-Gerlach experiment
F=1
0.8 s 15 25 4 5 is

+ . E =

[:I | m— | m— | —

-1 — L = e -
0 s b5t = 33 Fis

J. Stenger et al. Nature 396, 345 (1998)

: : H. Schmaljohann et al. PRL 92, 040402 (2004
Rotation of Spin can be observed ) (2004)

Physics of topological excitation in Bose-Einstein condensates



Theory of Spinor BEC

Hamiltonian of spinor Bosons

H = /dwh—2v\1ﬁ( WU, (x)

+5 [ der [ dea¥l @OV, @) Vi (21— 2) Vg (22) U

Low energy contact interaction (I = 0)

lefmgm’lm (wl — m2) — 5 wl - w2 Z gr Z 0511]\7{12 (O

F=0,2,4 my,mz,mi,mb5,M

Physics of topological excitation in Bose-Einstein condensates

FM
7 7
mimy



Mean-field Hamiltonian (spin-1)

H:/da:

B g ]
m——l -
Density Spin
1 0 0 0
F, 0 0 0 V2
0 0 —1 0 0
I _F++F_ F_F+—F_
— + af; ) T ’L

Gauge and spin rotation symmetry of wave function are broken

U = e emFey (U1)xSO(3))
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Possible phase

H= /daz[ Z VUV, + 2%y L

e | 2 2
¢, > 0 : polar (*Na BEC) c, < 0 . Ferromagnetic (¥Rb BEC)
~ O ~
eigoe—in-Foz : eigoe—in-Foz 0
0 0
F=20 F=0
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Graphical image by the spherical Harmonics
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Topological excitation Iin polar state

' cos 6 U(l)w 5 S%

g ~/
H  (Z2)p+F

transformation
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Topological excitation in polar state
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Topological excitation in Ferromagnetic state

7w >>¢+F
50(3)¢+F
Gauge vortex Spin vortex
Continuous
transformation
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Topological excitation in Ferromagnetic state

Doubly winding state is no longer topological excitation

m1[SO(3)]

2

Loy

T. Ishoshima, et al. PRA 61, 063610 (1999)
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Topological excitation in Ferromagnetic state

Creation of doubly winding state from zero winding

= <l >
(&) | (@
}l, \\" ‘ !
4——;\ . ,;——* - A v v A
) A ’ | ——
@) (X o T A

Adiabatic change of quadratic magnetic field
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Topological excitation in Ferromagnetic state

Creation of doubly winding state from zero winding

Y. Shin, et al. PRL 93, 160406 (2004)
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Spin-2 case

H = /dw

Aoo(m) = 2\112(3’})\11_2(3’}) — 2\111(23)\11_1(3’}) + \Ifo(m)2

% Co 9, C1 42  C2 2
— PV, 4 — il nEf B i 0

Singlet-pair amplitude
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Spin-2 case

« 1V o2 0o i | C2 2
H= /dw \ImeMV U, + S 2F + 2|Azo)
Cq1 9 _
Uniaxial Nematic: Cyclic:
. Ue =(1,0,0,v2,1)7/V3 g
\IJU — (0707 17070)
2 —b U(l), x SO3)F
TP sTRh  (De+r
Biaxial Nematic: Ferromagnetic:
Uy = (1,0,0,0,1)7 /2 ¥ = (1,0,0,0,0)7
U(l), x SO3)r
SO(3)p+F
D L4
(Di)or 0 @
Co = 461
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Topological excitation in cyclic state

+27/3 . e
- Topological excitations can be

labeled by12 rotations keeping

% tetrahedron invariant

d ™
+27/3 > +2m/3 l
[ | |
1973 Non-Abelian topological
U(1), x SO3)F excitation!
(1) o+ r
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Topological excitation in cyclic state

1/2-spin vortex

oo
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Topological excitation in cyclic state

1/3 vortex
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Dynamics of topological excitations

Collision of topological excitations
Quantum turbulence



C Caollision of vortices with non-commutative charge 't
forms a new “rung” vortex connecting two vortices

Reconnection \

Abelian
excitation Non-Abelian
m— excitation
e Rung vortex
Passing

M. Kobayashi, et al. PRL 103, 115301(2009)
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Collision dynamics of topological excitations

Abelian excitation Non-Abelian excitation

Large ring Unraveling of link New excitation

Linked non-Abelian excitations cannot unravel because of the
formation of the new excitation.
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Topological charge of topological excitation

Topological invariant of excitations can be fixed by a
closed path encircling the excitations
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Collision of Vortex

A

Passing dynamics Is possible for Abelian case
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Collision of Vortex

ABA*!

Rung BA-!Is formed through the

Physics of topological excitation @&Lhﬁh@eﬂ condensates



Collision of Vortex

A A

MW i 7
X. P

Rung disappears for the same charge resulting
F@@Q&ﬂt@%ﬂﬂﬂitaﬁon in Bose-Einstein condensates



Linked Vortex Rings

AB = BA

Linked excitations with
hon-Abelian invariants
never unravel. N
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Quantum turbulence

Turbulent state of BEC (quantum turbulence) can be a model to
understand the relation between turbulence and vortices

Vortices in viscous fluid cannot be
defined clearly

Vortices in BEC can be defined
as quantized vortices which are
topological excitations
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Generation of turbulence

\Vortices 2D plane of the phase

Physics of topological excitation in Bose-Einstein condensates



Energy spectrum of quantum turbulence

Energy spectrum for decaying turbulence

¢ . i(k1=6)
— 2453

Quantum turbulence shows the
Kolmogorov law which is one of
the most important statistical
law of turbulence

Log k M. Kobayashi, et al. PRL 94, 065302 (2005)

Physics of topological excitation in Bose-Einstein condensates



Non-Abelian quantum turbulence

Decaying turbulence
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Turbulent behavior Is strongly
affected by the topology

M. Kobayashi, et al. in press




Summary

*In BEC, various kinds of topological excitations can be
realized.

*Dynamics of topological excitations are affected by
the order-parameter manifold and can dominate the
nature of the system.
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Topological charge of topological excitation

Topological charge of vortex can be fixed by a closed path
encircling the vortex
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Collision of Vortices

B /_/ A B \ . / A
——> 3
A X ABA! A /- \AABA1
(only Abelian) ‘ \ \\\r/

X A
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Collision of Same Vortices

T
A>‘§“ D’
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Energetically
unfavorable
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Collision of Different Commutative Vortices

\L:(
Energetlcally

x unfavorable
ABA-! ABA 1

\
>/ Vs \

Passing

ABA*!
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Collision of Different Non-commutative Vortices
A
A

A x ABA!
Topologlcally
B'AB
v BA'l
_d

forbidden
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Linked Vortices

B non-commutative A

AB'A'B

N
ABA'! AB!'ABA! ABA? AB'ABA!

B _ A
— commutative
Linked vortices
cannot untangle
~—
B A
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What Is topological excitations?

Nematic liquid crystal

CH;0 —@ CH== N@ C4H/9‘

e

Crystal Nematic Liquid
.\ Translationallsymmetry - Rotational symmetry
/ / / breaking ‘ / 7 breaking p
1747 17 7
/
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What Is topological excitations?

Topological excitations in nematic liquid crystal

| £ \
\ / { / \ N
~ NV ) 17~ -\ NN
N\ g | ¢ » -~ ' A\ N ™
I || | |
“ 4\ VN> 1y, -

Topological excitation related to rotational symmetry breaking
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What Is topological excitations?

States with topological excitations cannot be continuously
transformed to states without topological excitations

~. \l7s _ 7,7 75\ 01,277 -
N\ / “ Q { 2~ \ | ¢ » -~
——— - —— bbbl 1] ==
o 4\ N /\\// /\\\\\
/) \ D \ '\N_~» / AN ™
| |

| | / \

&||l|| XD T
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| | | | || —— - ——
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Physics of topological excitation in Bose-Einstein condensates



What Is topological excitations?

I
- \\ | / . Thisis topological excitation in 2D system but
~N\N7 not topological excitation in 3D system
////|\\\\ , 7 .
/ \ t’ » _
Ll ——— This Is always
I II II l \\\\ N~ topological excitation
I 7 I A
I I h
i | ll | I | Characteristics of topological excitations
| | P | ! | strongly depend on the internal degrees of
| | freedom (topology) of the system
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Observation of topological excitations in nemati

c liquid crystal
\ g

J w near surface

far from surface

ra |
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Biaxial nematic liquid crystal

N\ .
-0 o33
%
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Topological excitations and homotopy

XY-spin system

In XY-spin system, local spin (order parameter)
@ can be expressed by a point in a circle

—QOrder-parameter manifold
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Topological defects and homotopy

N =1 N =1 N = -1
D TN VEREEN
N s N b
N, K AN /[ N\ 7N\
o N~ N xS/ AN S
Y \ ~ 7 A\ /

defect . J/ T

Topological excitations can be characterized by how many times the

state rotates the circle along the closed path
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Helsenberg-spin

Order parameter can be expressed by a point in a sphere

Topological excitations can never be stabilized
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What Is topological excitations?

Excitations in symmetry broken systems via phase transitions
Liquid — Solid transition (spontaneous symmetry breaking)

Liquid Solid
(crystal)
*Free energy Is invariant under . *Free energy is invariant under
translational and rotational " translational and rotational
transformations " transformations
*System Is also invariant under . *System is not invariant under
transformations . transformations (symmetry breaking)
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What Is topological excitations?

* 9 S Bn am Em
- ’ e S -
Lguid « * o * Sold
'Y 9 ’ J
* ey
Atoms are little influenced Positions and orientations of atoms are
by other atoms. strongly affected by other atoms and

fixed (spontaneous symmetry breaking).
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What Is topological excitations?

Topological excitations appear in symmetry broken systems

In crystal
dislocation disclination a
4
“‘.‘." ‘Q ‘.*
%9 +
sas  B® At ta e
a 9 9 & 999
* e I
P 4 * %
* e *aa

Topological excitation related to
translational symmetry breaking
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Topological excitation related to
rotational symmetry breaking



U(1) gauge symmetry breaking in BEC

Mean-field Hamiltonian at the zero temperature

H= [ o [ Jovw @V + Do)

U(x) = [U(z)| explig(z)]
p(x) = |¥(x)|? : Fluid density
A

v(x) = EV@(w) . Fluid velocity
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Point-like excitation

point-like excitation ~ _ - - - - - _

~

N
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Point-like excitation

U(1l), x S%
(Z2)p+F

G
Polar phase =

Point-like excitation cannot exist

In Ferromagnetic phase

G
T~ SO(3)p+r
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\Vortex ring in polar phase

@9
oo  ysual ring

\Vortex ring
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5 excitation and Hopf mapping

Y. Kawaguchi, et al., PRL 100, 180403 (2008)
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5 excitation and Hopf mapping

t = 0.00 7Tt
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Point-like excitation and 2D skyrmion

e ¢

L. S. Leslie, et al. arXiv:0910.4918

- [U(l)g X (SQ)S
: (Z2)G+s
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Two 2D skyrmion

2 0.3,00.. O.z.ooo
2 '.3.. o o '.3.. ?

0.0.8.0600..080.(:)0

o.’z.goo ..zo'o o o _o o
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Inversion of topological invariant

2 O.z.OQQ
? .‘3'. 2

2 .0:0.@0
? '.3.' 2
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\orton excitation
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Spin-2 case

« 1V o2 0o i | C2 2
H= /dw \ImeMV U, + S 2F + 2|Azo)
Cq1 9 _
Uniaxial Nematic: Cyclic:
. Ue =(1,0,0,v2,1)7/V3 g
\IJU — (0707 17070)
2 —b U(l), x SO3)F
TP sTRh  (De+r
Biaxial Nematic: Ferromagnetic:
Uy = (1,0,0,0,1)7 /2 ¥ = (1,0,0,0,0)7
U(l), x SO3)r
SO(3)p+F
D L4
(Di)or 0 @
Co = 461
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Nematic phase of spin-2

H = /dw

Uniaxial Nematic:

¥y = (0,0,1,0,0)
S%

% €0 2  C1 2  C2 2
S/ —v2\11m - by nf FRT Pac] |

Biaxial Nematic:
U = (1,0,0,0,1)T /v2

U(l)go X 50(3)}7
(D4)90—|—F

New order-parameter

Two states are degenerate manifold
via another continuous U(1), X Sjl;
degree of freedom

) (Z2)p+F
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Quasl-Nambu-Goldstone current

S. Uchino, et al., PRL in press

Decay of vortex in biaxial nematic phase

Emission of quasi-Nambu-Goldstone current
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Cyclic State vs. Singlet-trio Condensed State

For C1>O> (:2>O M. Koashi, and M. Ueda. PRL 84, 1066 (2000)
Singlet-trio condensed state (only U(1) is broken)

<\/_a o(af’ —3ala’ | —6alal,) +3v3(al’al, + o ag))]N/gm

Transition occurs under ~1uG

(z'/z\

Cyclic state (U(1) x SO(3) is broken) 0
N U — el il a 1/v/2
= Z\I/main

\ /2
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Nematic State vs. Singlet-pair Condensed State

For C1>07 02<0 M. Koashi, and M. Ueda. PRL 84, 1066 (2000)

Singlet-pair condensed state (only U(1) is broken)

A2 N/2
(X% (a';r) o 20{&1-_1 + &;CLT2> ] |O>

) = 7

Transition occurs under ~1uG

Nematic state (U(1) x SO(3) is broken) / 0 \ / ! \
N 0 0
) = |3 @af,| 0) U =cvemiFal 1 | or | 0 |/v2
m 0 0
0

\o /) \1)
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