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UltracoldUltracold Atomic BoseAtomic Bose--Einstein CondensateEinstein Condensate

Dil t  lk li t i  BEC h  Dilute alkali atomic BEC has 
been succeeded in 1997

Laser cooling

Trap of atoms

Evaporative 
cooling

87Rb, 23Na, 7Li, 1H, 85Rb, 
41K, 4He, 133Cs, 174Yb, 
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cooling52Cr, 40Ca, 84Sr, 164Dy



Atomic BoseAtomic Bose--Einstein CondensateEinstein Condensateto c oseto c ose ste Co de sateste Co de sate

8787BEC of BEC of 8787RbRb

11×1010--77 KK

22×1010--77 KK

44×1010--77 KK
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BoseBose--Einstein CondensationEinstein Condensationoseose ste Co de sat oste Co de sat o
Essence of BEC : Broken Essence of BEC : Broken UU(1) (1) -- gauge symmetrygauge symmetryEssence of BEC : Broken Essence of BEC : Broken UU(1) (1) -- gauge symmetrygauge symmetry

yy((xx)=|)=|yy((xx)| exp[)| exp[iijj((xx)])] : : jj((xx) ) is fixedis fixedyy(( ) |) |yy(( )| p[)| p[ jj(( )])]   jj(( ) ) 
 broken broken UU(1)(1) -- gauge symmetrygauge symmetry
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Vortex in BECVortex in BECo te Co te C

n

Quantized vortex for Quantized vortex for m m = +1= +1

Phase Phase jj of the wave of the wave function function shifts by shifts by 
22 ((  i t ) d  i t ) d th  t  th  t  

nc

22ppmm ((mm : integer) around : integer) around the vortex the vortex 
core where the wave function vanishes core where the wave function vanishes : : 
y y =0=0 as a topological defectas a topological defecty y =0=0 as a topological defect.as a topological defect.

Each vortex can be characterized by Each vortex can be characterized by 

-p pj

Each vortex can be characterized by Each vortex can be characterized by 
mm (additive group of integers)(additive group of integers)
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Experimental Observation of VorticesExperimental Observation of Vorticespe e ta Obse at o o o t cespe e ta Obse at o o o t ces
Vortex lattice and its formation in Vortex lattice and its formation in 8787Rb BECRb BECVortex lattice and its formation in Vortex lattice and its formation in Rb BECRb BEC

K  W  M di  t l  PRL 86  4443 (2001)K. W. Madison et al. PRL 86, 4443 (2001)

Numerical simulation -p pjj
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Spinor BoseSpinor Bose--Einstein CondensateEinstein CondensateSp o oseSp o ose ste Co de sateste Co de sate
There are two ways to trap BECs : magnetic trap and laser trapThere are two ways to trap BECs : magnetic trap and laser trapThere are two ways to trap BECs : magnetic trap and laser trapThere are two ways to trap BECs : magnetic trap and laser trap

magnetic trap : spin degrees of freedom is frozen magnetic trap : spin degrees of freedom is frozen  scalar BECscalar BEC
laser trap : spin degrees of freedom is alive laser trap : spin degrees of freedom is alive  spinorspinor BECBEC

Hyperfine interaction Hyperfine interaction between electron spin and orbital and nuclear spin between electron spin and orbital and nuclear spin 

laser trap : spin degrees of freedom is alive laser trap : spin degrees of freedom is alive  spinorspinor BECBEC

ypyp p pp p
cannot be negligible for cold atomscannot be negligible for cold atoms

Hyperfine spin : Hyperfine spin : FF II ++ SS ++ LL 87Rb  23Na  

II : nuclear spin: nuclear spin
SS  l t  i l t  i

Hyperfine spin : Hyperfine spin : FF = = I I + + S S + + LL Rb, Na, 
7Li, 41K

F=1, 2

85Rb F=2  3SS : electron spin: electron spin
LL : electron orbital: electron orbital

85Rb F=2, 3
133Cs F=3, 4
52Cr F 3
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52Cr F=3



Spinor BoseSpinor Bose--Einstein CondensateEinstein CondensateSp o oseSp o ose ste Co de sateste Co de sate

For 87Rb (I 3/2 S 1/2 L 0) F 1 or 2For 87Rb (I = 3/2, S = 1/2, L = 0)  F = 1 or 2

MultiMulti component BEC component BEC MultiMulti--component BEC component BEC 
characterized by the characterized by the 
quantum number quantum number mmqq

Spin 1 : 3Spin 1 : 3--component BECcomponent BEC
yy = = ((yy11, , yy00, , yy--11))

Field gradient

Spin 2 : 5Spin 2 : 5--component BECcomponent BEC
yy = (= (yy22, , yy11, , yy00, , yy--11, , yy--22)) 0 1-1
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(( 00 )) 0 1-1



Effective Hamiltonian for BECEffective Hamiltonian for BEC

As well as As well as UU(1)(1) gauge symmetry, gauge symmetry, SSOO(3)(3) spin rotational spin rotational 
symmetry is also broken : symmetry is also broken : GG @@UU(1)(1)´́SSOO(3)(3)symmetry is also broken : symmetry is also broken : GG @@UU(1)(1)´́SSOO(3)(3)

Remaining symmetry Remaining symmetry HH can be (noncan be (non--Abelian) subgroup of Abelian) subgroup of SSOO(3)(3)
[[GG//HH ]]  b   b  Ab li  Ab li  Ab li  t  Ab li  t  
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 pp11[[GG//HH ]] can be noncan be non--Abelian Abelian  nonnon--Abelian vortex appearsAbelian vortex appears



SpinSpin--2 BEC2 BECpp

Cyclic:Uniaxial Nematic:

HH @@DD¥¥ HH @@TT

Bi i l N ti

8787RbRb nonnon--Abelian vortexAbelian vortexAbelian vortexAbelian vortex

Biaxial Nematic: Ferromagnetic:

nonnon--Abelian vortexAbelian vortex Abelian vortexAbelian vortex

HH @@DD44 HH @@UU(1)(1)´́22
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A. Widera et al. NJP 8, 152 (2006)

nonnon--Abelian vortexAbelian vortex Abelian vortexAbelian vortex



Symmetry of cyclic stateSymmetry of cyclic stateSy et y o cyc c stateSy et y o cyc c state

Spin rotations keeping Spin rotations keeping p p gp p g
cyclic state invariant form cyclic state invariant form 
a non a non AbelianAbelian tetrahedral tetrahedral a non a non AbelianAbelian tetrahedral tetrahedral 
symmetrysymmetry
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Vortices in cyclic stateVortices in cyclic stateyy

1/2 spin vortex1/2 spin vortex 1/3 vortex1/3 vortex1/2 spin vortex1/2 spin vortex 1/3 vortex1/3 vortex

π

2p/3
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Interaction between two parallel vorticesInteraction between two parallel vorticeste act o bet ee t o pa a e o t ceste act o bet ee t o pa a e o t ces

Energetically obtained interaction between two parallel vorticesEnergetically obtained interaction between two parallel vorticesEnergetically obtained interaction between two parallel vorticesEnergetically obtained interaction between two parallel vortices

There is also “topological” interaction between vorticesThere is also “topological” interaction between vortices
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Collision Dynamics of NonCollision Dynamics of Non--Abelian VorticesAbelian Vorticesyy

“NonNon--Abelian propertyAbelian property” becomes outstanding NonNon--Abelian propertyAbelian property  becomes outstanding 
for collision dynamics of vortices

Initial state : two straight vortices & two linked vortices

→Simulation of Gross-Pitaevskii equation (GPE)
Initial state : two straight vortices & two linked vortices
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MK, Y. Kawaguchi, M, Nitta, and M. Ueda, PRL 103, 115301(2009). 



Collision dynamics of vorticesCollision dynamics of vorticesCo s o dy a cs o o t cesCo s o dy a cs o o t ces
Commutative pair Non-commutative pairCommutative pair Non commutative pair
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Collision dynamics of vorticesCollision dynamics of vorticesCo s o dy a cs o o t cesCo s o dy a cs o o t ces

Commutative pair Non-commutative pair
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Biaxial nematic state at finite temperatureBiaxial nematic state at finite temperaturea a e at c state at te te pe atu ea a e at c state at te te pe atu e
HH @@DD44 With stochastic  GPE (SGPE)With stochastic  GPE (SGPE)

For commutative vorticesFor commutative vortices
With stochastic  GPE (SGPE)With stochastic  GPE (SGPE)

TT = 0.2 = 0.2 TTcc TT = 0.01 = 0.01 TTcc
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Biaxial nematic state at finite temperatureBiaxial nematic state at finite temperaturea a e at c state at te te pe atu ea a e at c state at te te pe atu e

F  F  i  ii  i
HH @@DD44

For nonFor non--commutative vorticescommutative vortices

NonNon--Abelian Vortices and Their NonAbelian Vortices and Their Non--equilibrumequilibrum Dynamics in BoseDynamics in Bose--Einstein Condensates with SpinsEinstein Condensates with Spins



ContentsContentsCo te tsCo te ts

1.1. Vortices in BoseVortices in Bose--Einstein CondensatesEinstein Condensates
2.2. NonNon--AbelianAbelian Vortex in BEC with SpinVortex in BEC with Spin
3.3. Collision Dynamics of NonCollision Dynamics of Non--Abelian VorticesAbelian Vortices33 Co s o y a cs o oCo s o y a cs o o be a o cesbe a o ces
4.4. NonNon--equilibrium dynamics of Nonequilibrium dynamics of Non--Abelian DefectsAbelian Defects
55 SummarySummary5.5. SummarySummary

NonNon--Abelian Vortices and Their NonAbelian Vortices and Their Non--equilibrumequilibrum Dynamics in BoseDynamics in Bose--Einstein Condensates with SpinsEinstein Condensates with Spins



NonNon--equilibrium Dynamics of nonequilibrium Dynamics of non--Abelian VorticesAbelian Vorticesq yq y

Abelian vortices
↓

Cascade of vortices

non-Abelian vorticesnon Abelian vortices
↓

Large-scale networking structures 

NonNon--Abelian Vortices and Their NonAbelian Vortices and Their Non--equilibrumequilibrum Dynamics in BoseDynamics in Bose--Einstein Condensates with SpinsEinstein Condensates with Spins

Different nonDifferent non--equilibrium behavior is expectedequilibrium behavior is expected



Equilibrium propertyEquilibrium propertyqu b u p ope tyqu b u p ope ty
Being independent of whether vortices are Abelian or nonBeing independent of whether vortices are Abelian or non--Being independent of whether vortices are Abelian or nonBeing independent of whether vortices are Abelian or non

Abelian, system shows the 2Abelian, system shows the 2ndnd ordered phase transitionordered phase transition
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Cyclic caseCyclic case



Critical exponentCritical exponentC t ca e po e tC t ca e po e t

Difference of the critical exponent shows the difference of Difference of the critical exponent shows the difference of Difference of the critical exponent shows the difference of Difference of the critical exponent shows the difference of 
topology of the order parametertopology of the order parameter
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PhasePhase--ordering dynamicsordering dynamicsasease o de g dy a cso de g dy a cs

Rapid temperature quench from Rapid temperature quench from TT 22TT to to TT 00Rapid temperature quench from Rapid temperature quench from TT=2=2TTcc to to TT 00

ScalarScalar CyclicCyclic Biaxial nematicBiaxial nematic
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PhasePhase--ordering dynamicsordering dynamicsasease o de g dy a cso de g dy a cs

Density of vortex line lengthDensity of vortex line lengthDensity of vortex line lengthDensity of vortex line length
rr µµtt --11 : Universal behavior for phase: Universal behavior for phase--rr pp
ordering with Abelian vorticesordering with Abelian vortices

Decay becomes slower for nonDecay becomes slower for non--Abelian Abelian 
vortices : vortices : rr µµtt --2/32/3
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PhasePhase--ordering dynamicsordering dynamicsasease o de g dy a cso de g dy a cs

Sl  d i  h  l  b  b d f  h  d i  f Sl  d i  h  l  b  b d f  h  d i  f Slower dynamics has also been observed for phase ordering of Slower dynamics has also been observed for phase ordering of 
conserved conserved IsingIsing model : model : ááSS ññ=0 =0 (total magnetization is fixed to 0)(total magnetization is fixed to 0)

D  f d i  ll b  l  i  th  h  d i  D  f d i  ll b  l  i  th  h  d i  Decay of domain wall becomes slower in the phase ordering Decay of domain wall becomes slower in the phase ordering 
than that in nonthan that in non--conserved conserved IsingIsing model.model.

Conserved value in this case : Conserved value in this case : linking numberlinking number
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PhasePhase--ordering dynamicsordering dynamicsasease o de g dy a cso de g dy a cs

Conserved value in this case : Conserved value in this case : linking numberlinking numberConserved value in this case : Conserved value in this case : linking numberlinking number

NonNon--commutative vortices cannot commutative vortices cannot 
pass through each other  pass through each other  pass through each other, pass through each other, 
behaving like substantial stringbehaving like substantial string

Linking number of vortices Linking number of vortices 
are conservedare conservedare conservedare conserved
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Final StateFinal Statea Statea State
Sometimes, dynamics stops with finite number of vortices, never Sometimes, dynamics stops with finite number of vortices, never Sometimes, dynamics stops with finite number of vortices, never Sometimes, dynamics stops with finite number of vortices, never 
relaxing to equilibrium staterelaxing to equilibrium state
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Cyclic Cyclic Biaxial nematic Biaxial nematic 



Final StateFinal Statea Statea State
Probability for appearing nonProbability for appearing non--equilibrium final stateequilibrium final state

CyclicCyclic：：~10% ~10% Biaxial nematicBiaxial nematic：：~50% ~50% 
Probability for appearing nonProbability for appearing non equilibrium final stateequilibrium final state
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Probability depends on the topology (the number of Probability depends on the topology (the number of conjugacyconjugacy class?) class?) 



NonNon--AbelianAbelian Cosmic StringsCosmic Stringsoo be abe a Cos c St gsCos c St gs
Similar behavior has been reported in the context of cosmic stringSimilar behavior has been reported in the context of cosmic stringSimilar behavior has been reported in the context of cosmic stringSimilar behavior has been reported in the context of cosmic string

Networking structure of nonNetworking structure of non--Abelian Abelian 
cosmic strings are predictedcosmic strings are predicted

P. McGraw, PRD 57, 3317 (1998), , ( )
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Quantum turbulenceQuantum turbulenceQua tu tu bu e ceQua tu tu bu e ce

Starting from largeStarting from large scale vortex loopsscale vortex loopsStarting from largeStarting from large--scale vortex loopsscale vortex loops
Cascade of large to smaller vortices : turbulenceCascade of large to smaller vortices : turbulence

Turbulence of scalar BEC : Turbulence of scalar BEC : Turbulence of scalar BEC : Turbulence of scalar BEC : 
In large scales, the Kolmogorov In large scales, the Kolmogorov 
spectrum (spectrum in classical spectrum (spectrum in classical spectrum (spectrum in classical spectrum (spectrum in classical 
turbulence) has been confirmed.turbulence) has been confirmed.

MK and M  Tsubota  PRL 94  065302 (2005)
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MK and M. Tsubota, PRL 94, 065302 (2005)



Quantum turbulenceQuantum turbulenceQua tu tu bu e ceQua tu tu bu e ce

TurbulentTurbulent behaviorbehavior isis stronglystronglyTurbulentTurbulent behaviorbehavior isis stronglystrongly
affectedaffected byby topologytopology

NonNon--Abelian Vortices and Their NonAbelian Vortices and Their Non--equilibrumequilibrum Dynamics in BoseDynamics in Bose--Einstein Condensates with SpinsEinstein Condensates with Spins



Quantum turbulenceQuantum turbulenceQua tu tu bu e ceQua tu tu bu e ce
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SummarySummarySu a ySu a y

1. Non-Abelian defects can be realized vortices in BEC with 
spin degrees of freedom

2. Collision of two defects are completely different between 
Abelian and non-Abelian vortices (creation of new defect 
bridging colliding defects)

3. Non-Abelian vortices also change various kind of dynamical 
behavior (especially makes dynamics slower due to tangling 
of vortices)
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