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Nonrelativistic Nambu-Goldstone
mode



Nambu-Goldstone modes
and broken symmetries

Watanabe-Brauner relation

H. Watanabe and T. Brauner, Phys. Rev. D 84, 125013 (2011)
H. Watanabe and H. Murayama, Phys. Rev. Lett. 108, 251602 (2012)

1 1

Npe — Nng = ifaﬂkﬂ Pij = Vlgnoo V /dV <[gz',gj]>

Ny Number of broken symmetry generators
Nyg: Number of Nambu-Goldstone modes
g. - Broken symmetry generators

Np>Ny (Coupling of two NG modes to one NG mode)
can occurs when two generators do not commute
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Nambu-Goldstone modes
and broken symmetries

1 1

Npg — Nng = §I'aﬂk,0 Pij = ‘}gnoo V /dV <[9z',9j]>

Nonlinear O(3) sigma model & Heisenberg Ferromagnet

2(7.11722 — nlﬁg)

»Cre:.Q_v - Lorel =
: n ’ n’ 1 1—|—TL3

— |Vn/|”

Symmetry breaking for ground state n = (0,0,1) : O(3) — O(2)
Symmetry generators : o,, 0, — |04,0,] =10,

0 for L,c
NBG_NNG:{ 1 for L l1
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Nambu-Goldstone modes
and broken symmetries

————0- 0 © P @ F PG * P PT

Lrel = 1° — |Vnl?

. linear dispersion oerttttttttre..,
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Lorel = (ang = mifa) I'Vn|* : quadratic dispersion
14+ nsg
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CP' model



CP' model

U(1) gauge theory

1 |l e
L=—5FuF" + 6—2(8@)2 + |Duo|* — §(¢T¢ —1)?
- ¢'(31 - M)*¢
¢ = (1, 2)t . two charged complex scalar field
Y . real scalar field
M = diag(mq,mz) : mass

Nonrelativistic NG Modes Associated with Spontaneously Broken Space-Time and Internal Symmetries



. I
= CP' model -
- o
o2

- i — _EF FHEE B ((‘9 3)? + |D,g|* — —(CW5 —1)° -
- — (21— M)*¢ :
. _w Qb N 6—7L,ut¢ .
- L
g L=~ Ee P + 50,5 (0! (Do) - (D)o} o
B DS -
- ¢ = (¢1,02)T . two charged complex scalar field -
B > . real scalar field B

-

o M =diag(mi,m2) : mass
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= CP' model

N

. - 1 Iy 1 D . T T

- s — —@FWF + 6_2(8“2) +ipd @' (D) — (D) ¢}
2

w Dl — S (6Te - 17 = 6T(B1 - Mg+ p2

- e, o=(Lu)/\/I+]uf?: CP' form

N

N [ 202 = u|? | Vu|? Cip(uti — utu)

S T (e PO R R T
m?|ul? -

o _(1—|—u2)2 iy =g =1

.
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CP' model -
L
CP' : Projection from south pole on $* to complex plane &
| L
N1 + 19
u =

Im[u]/( 1+ n3 -
B
n==1 - u==1 .
ng=xl - u=xt |P
ng=1 — u=20 -

ng=-1 — u=00
L
I
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CP' model

L— p2c? = u)? | Vul? . p(u*d — u*u)
21+ [ul?)? (14 |ul?)? 1+ |uf?
m?|u|?
(14 |uf?)?
ultrarelativistic limit : u4— 0 massive O(3) sigma model
L e Vo2 muf?

A+ [u?)2 (T4 |u)? (1 + [ul?)?

nonrelativistic limit : c— oo Heisenberg ferromagnet

with one easy axis (Ising ferromagnet)
L— e’ =— Vul | ip(u*s —a*u)  m?ul?
(1 + |ul?)? 1+ |ul? (1 + |u[2)2
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Internal symmetry of CP' model

L— p2c? = u? | Vul? . (vt — Wru)
A1+ ul)? (14 |uf?)? L+ Jul?
m2|u)?
(1 + Juf?)?

& SO(2) X Zy for m # 0
u— 1/u* : Zs

u — arbitrary v : CP' ~ §? for m =0
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Spacetime symmetry of CP' model

L— p2c? = | B Vul? . (U™t — W)
(14 |u[?)? (14 |ul?)? I+ [ul?
m?|ul|?
(14 |uf?)?

for u # 0 : Lorentz symmetry with phase shift

1
; V1—v2/c?

u—urS S=—(1-70A+ [u?) VS =—1+ |u?)

V-X

t%v(t— ) xr — v(x — vt) y

2
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Spacetime symmetry of CP' model

PO VP mPuf?
T AP T (P (T )

for 4 =0 : simple Lorentz symmetry

1
; V1—v?/c?

V-X

t%y(t— ) xr — vy(x — vt) y

2
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Spacetime symmetry of CP' model

L2 = Vul? I p(u™a —uu) m?|u|?
(1 + Jul?)? 1+ Jul? (1 + Jul?)?

for c — oo : Galilean symmetry with phase shift
t — 1 r — x — vt
uw— utS S=—v 1+ [uf*)/2 VS=—(1+ u?
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Ground-state symmetry

L— p2c? = 0| B Vul? , ip(u i — uru)
A+[u)?  (T+ )2 14 |uf
m?|ul|?
(14 |uf?)?
For internal symmetry
state G H G/H
m#0 | u=0,00 | SO2)xZy | SO2) | Zo
m =0 | arbitrary u C* C—-0 | CP
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Ground-state symmetry

L— p2c? = 0| B Vul? . ip(u i — uru)
(L4 [ul?)? (1 +[ul?)? 1+ ul?
m?|u|?
(14 |uf?)?
For spacetime symmetry
G H G/H
it #0 | Lorentz | translation & Euclid | Lorentz boost
= Lorentz Lorentz 1
c — oo | Galilean | translation & Euclid | Galilean boost
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Nambu-Goldstone mode for m = (

L— 122 = ul? B Vul? . (vt — uru)
A1+ [ul2)? (1 + [uf?)? L+ Jul?

u=1ug+ou wug=20

kQ
wi =c\k2+c2u2 £ Ep = o +cFu+cp+ Ok

wi : gapful mode e tXNNAPHA S cenl e

w_ : NG mode

~ SR/ 4 8 A 4\
quadratic dispersion < ¥# 4 E vt
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~ Nambu-Goldstone mode for m = 0

ultrarelativistic limit : w+ = ck (linear dispersion)

W4 W _—

P -\.\\‘ T rf//' o r?‘/’ffﬁ\\'\'c-a-‘_

TR T TR e

A 4

w” W |

cottttttttes..,
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~ Nambu-Goldstone mode for m = 0

]C2
nonrelativistic limit : wy - 00 w_ = 2 + O(k°)
v
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NG modes associated with
domain wall



Domain wall solution

L— 12 = @ Ve p(eti—dty) o mPluf
(L4 [u[?)? (1 +|ul?)? 1+ Jul? (1 + |ul?)?
ground state : ug =0, o©

A gatitiintiiiatatiia
domain-wall solution AL FAMKA AL RMAAL bR 4

UDW = ezm(z—Z)+ioz
Z : translational moduli BEMIAINIIIsRstsnsorsatans
(translational Symmetry) ii;;lii;rﬁi4114}144144444444444444
o : phase moduli TTTT“MHTT“TTTH “tﬁlff#&?ﬁﬁf# TTT
_ trettreteeteeteeeeteeteeteetetest
(internal symmetry) IRARRARARARRRRANARARNARARRARARARES
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Low energy dynamics of
domain wall

Linear response theory

domam—V\;iy(:S'ZU)E'jg » U = upw + 0u
upw = €

Su — a+(z)€ik-r—wt + ai (Z)e—z'k-r—wt

&

Bogoliubov-de Gennes equation

(w?/c® £ 2uw)a+
4 2mz o 2 2mz
_ {(ki _ g2) 4 dme™0, — m(3e 2 }ai + O(a2)

1 + €2mz
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Low energy dynamics of
domain wall

(w?/c® £ 2uw)ay

2mz L 2 2mz
| {(ki _9?) - dme“"*0, — m*=(3e 1) }ai

1 4+ 62mz
wir = \/ p2ct + k2 + uc?
k2

oo +2uc* + O(k?) : gapful mode
L4
wng = v p2ct 4 2k?
k2
— ﬂ + O(kS) - Nambu-Goldstone mode

(quadratic dispersion)
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Nambu-Goldstone and
gapful (Higgs) modes

k?
WNG = 5 + O(k?) WH = 2 +2uc® + O(k°)

iy ih‘a‘hﬂb‘ﬁ‘h‘ﬁHa‘#ﬁﬁh‘ahﬂ A
A R SRR PR R it

RRINE B L1 A BRI .m m\m\m« SR RRLELLRR P MWM 5.

Iy o o I

: t””/ i3 *5“"33””";;25;‘*‘,;‘:1%,@ ;{ f it
R TR m .

Ay i

mf“mfmim r“ kmm TTH‘ Mty nmrm Hﬁl
trettttteettetettteeteeeeeeeteest tretttttrtttetettreeetteeereeettt

trrtttteeeeettteeteteeeeeeeeteeees tHtteeeetteeneeeteteteetteeeeeest
Coupling of translational Inverse coupling of moduli
and phase moduli to those of NG mode
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Ultrarelativistic limit (x — 0)

WH, WNG — ck

gttt ottt et ik
f”ﬂl\ wmumumm ;mm {HH HM P VAT ETR:

&&Wﬂ% e i oaddiy
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phase moduli translational moduli
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Nonrelativistic limit (c — o)

wNg = >— + O(k?) WH — OO

Rttt

N AN AR A 1
HE R i \;;\:imm
<

L i

it “ﬁm}}&'ﬁw kmm
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Commutation relation between
symmetric generators

conjugate variable of N G L
| U () g -
L o0 21+ w22 1+ |ul?

*

generator for translation : P, = /dz (O,u)v

generator for phase shift : © = /dz (tu)v

Z=—00

2 Z2=—400
W = { u } = 1 : domain wall charge for mo(Zs) =~ Zo
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NG modes associated with
baby skyrmion string



Baby skyrmion solution

L— 22 = u|? . Vul? (vl — W)

A+ )2 A+ 14+ uf?

ground state : u = const

skyrmion solution

exp {i(tanl i:§ - a)}\/(x—X)Z + (y —Y)2
Ro+ R

ug —

X,Y : translational moduli (translational symmetry)
a : phase moduli (internal symmetry)

R : dilatation moduli (dilatation symmetry)
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- B B B B B EEEEEN

« : phase moduli

i

Baby skyrmion solution :

skyrmion solution ,/*h | T\ :
. L y—-Y | _

us = exp {z(tan 1$_X i oz)} 4 .L\ .

SCESEAUERIY T

RO + R & f/ - x\. {g .

] . J s SR \ .

X, Y : translational moduli ,é {'/ 2 ‘\. % B

o

I

R : dilatation moduli 4‘11 §,
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Dilatation moduli

Dilatation symmetry is not the symmetry of the action : S = /d% L

05S =0—
1 2\ Qu* ©2
— )ﬁi T 201+ ful)a = (14 [uf?)VPu — 20 (Vu)?

v stationary state

(1 + |ul*)V*u — 2u™(Vu)? = 0 : invariant under dilatation 7 — k7

Dilatation symmetry is the symmetry of the
stationary state of the dynamical equation
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Low energy dynamics of
domain wall

Linear response theory

U = ug + ou
du=">" {a_i_,l(r)ei(kz—l—kb—wt) n ai,l(r)e—i(kz—l—lqﬁ—wt)}

| &

Bogoliubov-de Gennes equation

A~
&
DO
~—
O
DO
L

- 2pw)at

{(RQ_a?_(l/”'“)amtlQ/r?) | 4(r0, ::l)}

r2 + R2
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Low energy dynamics of
domain wall

(w?/c® £ 2uw)a

_ {(k2 _ O (1r)y + 12 4 O F )

r2 + R§

}ai,z + 0@

For arbitrary [ wh = \/ p2ct + k2 4 pc?
2

- + 2uc® + O(k?) : gapful mode
1

= — + O(k°) : gapless mode

wyg = wy, = ck : ultrarelativistic limit
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Ultrarelativistic limit

wg = wy, = ck

Forl =0

Translational mode Translational mode
along z direction along y direction
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Ultrarelativistic limit

Forl =1

One NG and / _
one QNG modes .”f Yy

Phase mode : NG mode Dilatation mode :
quasi NG mode
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Ultrarelativistic limit

WH = wi, = ck

For [ = 2 : bulk mode far from skyrmion

= —0 0 © © @ F =9 ¢ 0T T

'-¢¢¢¢;1;1L¢;$,--*"’f777777*“*-
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Relativistic mode

Coupling of two
translational
(NG) modes

ol A Y |
'?]’7’11;} %)}
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Relativistic mode

Coupling of
phase (NG) and
dilatation (QNG)
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Commutation relation between
symmetric generators

conjugate variable of N L L
| U () g -
et o0 21+ w22 1+ |ul?

*

generator for translation : P, , = /d2:c (Oz,yu)v
generator for phase shift : © = /d2x (tu)v

generator for dilatation : D = /d2x (x0zu + yo,u)v
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Commutation relation between
symmetric generators

generator for translation : P, , = /d2x (Op yu)v
generator for phase shift : © = /anf; (1u)v

generator for dilatation : D = /d% (x0yu + yO,u)v

[PacaPy] _ Iu/de (@u)(é’w) o (8¢U)(aﬂ}) — ,LLB

r

B— /d2:13 (Oru)(Ogv) — (Ogu)(0rv) _ /de h— 9

r

. skyrmion charge for mo(CP') ~ Z
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Commutation relation between
symmetric generators

generator for translation : P, , = /d2x (Op yu)v
generator for phase shift : © = /dQ:r; (1u)v
generator for dilatation : D = /d% (x0yu + yO,u)v

1
D,0] = ,u/d% r? (b - — +R2) . not topological number
4 0

All other commutation relations vanish
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Summary

* For systems with spontaneously broken Lorentz
symmetry (or without Lorentz symmetry), two NG may
couple to one NG with quadratic dispersion

« For domain wall case in massive CP! model,

translational NG mode (spacetime symmetry) and
phase NG mode (internal symmetry) couple to one
NG mode

« For skyrmion case in massless CIP! model, two

translational NG modes, and phase NG mode and
dilatation QNG mode couple to one NG mode(kelvin
mode) and one NG-QNG mode

* Any couplings of NG modes satisfy Watanabe-
Brauner relation

Nonrelativistic NG Modes Associated with Spontaneously Broken Space-Time and Internal Symmetries



